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Abstract. The most pressing challenges of the modern world are environmental issues, rising energy and food
prices. In these conditions, research is becoming increasingly important to minimise shipping costs, optimise routes,
and explore issues of improving shipping safety. Equally important are the issues of organising search and rescue
operations and maritime military operations. Mathematical modelling is a powerful tool for solving these and many
related problems. Methods of mathematical analysis, optimal control theory and differential equations are widely used
in the construction and research of mathematical models. The main tasks of this work are to study the issues of route
optimisation, ship speed control and selection of the most economical power plant operation mode. Various aspects
of mathematical modelling of ship motion are considered. The issue of ship speed control in variable navigation conditions
is studied using optimal control methods. The task is to find the law of change in the ship s speed, which ensures minimum
fuel consumption during a given length of the race. The paper also considers the problem of choosing the trajectory
and mode of operation of the power plant, which together ensure the arrival of the vessel at the destination at a given
time with minimal fuel consumption. Differential models of ship motion are developed and studied, in particular, the issue
of choosing the optimal trajectory of a marine drone for the fastest possible target destruction is considered. The results
obtained can be used to develop a method of ship control, in which the task will be completed on time and at minimal
cost. The study of the problems considered in this article can and should be an integral part of the mathematical training
of specialists in the maritime industry.
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Cusau C. b., Cokosioscska I. B. KEPYBAHHSA CYTHOM TA MATEMATHUYHE
MOJIEJIFOBAHHSA MOT'O PYXY

Anomauin. Haviakmyaneniviumu GUKIUKAMU CYYACHORO CBIMY € npodiemu eKono2ii, yOOpouCUanis enepeopecypcie
ma npoooeonbemaa. Y yux ymosax 3pocmae akmyaibHiCmy HAYKOBUX OOCTIONCEHb, W0 MAlomb Ha Menmi MiHiMizyea-
My UMpPamMu Ha MOPCLKI Nepege3eHHs, ONMUMIZY8AMY Mapuipymu, 00CIioumy NUMAanHs nioguuenns o6e3nexku cyoHo-
naagcmea. He menuw ascnuumu € NUMAanHs opeanizayii nouLyKogo-psamyeaibHux onepayiti ma MOPCoKux 8iticbKOBUX
onepayiu. Mamemamuune M0OO0eN08AHHS € NOMYICHUM THCIPYMEHIMOM Y PO38 A3VBAHHI YUX MA OALAMbOX CYMIHCHUX
sa0au. [lpu no6y0oei ma 00CIIONCEHHT MAMEMAMUYHUX MOOETEel UUPOKO SUKOPUCTIOBYIOMbCS MemOoOU Mamemamut-
HO2O aHANi3y, Meopis ONMUMATLHO2O Kepy8anhs ma ougepenyianvhux pisuans. 1onoenumu 3a0avamu 0anoi pobomu
€ 00CTIOMNCEHHS. NUMAHbL ONMUMIAYIT MAPWPYMIE, KEPYBAHHS WEUOKICIIO CYOHA ma 6uOOPOM HAUOLIbUL eKOHOMIYHO20
pedicumy pobomu cunogoi ycmanogku. Pozensnymo pisnomanimui achexmu Mamemamuyno2o Mooero8ants pyxy cyo-
Ha. Memoodamu onmumanbHo2o Kepy8anHs 00CAIOACYEMbCS NUMAHHA KOHMPOLIO WEUOKOCH CYOHA Y 3MIHHUX YMOBAX
naaganns. Poszenaoaemvca 3a0aua: 3Haumu 3aKoH 3MiHU WEUOKOCMI PYXY CYOHA, AKULl 3a0e3nedye MiHIMyM eumpan
RATUBA NPU NPOXOOJCEHHI nepe2ony 3a0anoi 0ogxcunu. Pozensanymo makodxc 3adauy eubopy mpaekmopii ma pesjicumy
pobomu cun06oi yCmanosKu, AKi 8 CyKynHOCMI 3a0e3neuyioni npubymms cyoHa 00 NyHKMy NpU3HA4enHs y 3a0aHull
MOMEHM 4acy npu MIHIMAIbHUX eumMpamax nanwho2o. CKiadeHo ma 00CaioxiceHo oupeperyianvii Mooeni pyxy cyoua,
30KpeMa po32NAHYmo NUMAHHs UOOPY ONMUMATLHOI MPAEKMOPIL PYXy MOPCbK020 OpOHA 05l AKHAUWBUOUI020 Ypa-
arcerns yini. Ompumani pe3ynemamu MONCymy 6ymu UKOPUCTAHT NP PO3POOYI Memody Kepy8aHHs CYOHOM, NpU SIKOMY
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nocmasnete 3a80anis 6yoe GUKOHAHO 8YACHO 1 34 MIHIMANbHUX 8umpam. Busuenns sadau, ujo posensoaromvcs y cmam-
mi, Modice | NOBUHHO OYMU CKAA00B80I0 YACMUHOK MAMEMAMUYHOT NI020MOBKU (haxieyis y MOPCHKill 2ay3i.
Knrouosi cnosa: onmumanvha mpaekmopis, 3a2aibHi umpamu, YMOGHUU eKCmpemMymM, ONMUMAibHe Kepy8aHHs,

OugpepenyianvHi piGHAHHSL.

Problem statement. With the cost of fuels
and lubricants constantly rising, ship traffic man-
agement methods need to be improved. The main
tasks of this process are to select a safe, time-
optimised route and the appropriate mode of pro-
pulsion. These issues are of particular importance
during search and rescue operations and maritime
military operations.

Background and Literature Review. Opti-
mal control theory [1] and mathematical mod-
elling [2] have been the subject of research
by numerous scientists. Paper [3] discusses
mathematical models of some water engineer-
ing problems. Many scientists have studied
the issues of improving methods of ship traffic
control. Paper [4] addresses the issue of develop-
ing routes for vessels with due regard for envi-
ronmental safety. Paper [5] considers methods
of monitoring and controlling the movement
of ships during manoeuvring to ensure their safe
separation under certain conditions. The issues
of improving automatic ship traffic control sys-
tems are addressed in [6]. It considers the method
of forming a safe, time-optimal ship route tak-
ing into account the forecast of weather condi-
tions. Numerous scientific studies are devoted
to the improvement of automated ship control
systems through the use of artificial intelligence.
Paper [7] investigates data recognition methods
in shipping to build a trajectory for an unmanned
ship with artificial intelligence. Remote ves-
sel control technologies and theoretical aspects
of the introduction of autonomous navigation
are studied in [8]. The authors of [9] emphasise
the prospects of using unmanned aerial vehicles
in modern shipping. The paper explores vari-
ous aspects of drone integration into maritime
operations to improve communication, data col-
lection, etc. The use of drones for ship mainte-
nance and inspections can save time and money.
The issue of time is particularly acute in mari-
time rescue operations [10]. In such situations,
it is extremely important to choose the optimal
and safe route for the vessel.

Summary of the main material. Prob-
lem 1 (controlling the vessel’s speed in variable
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navigation conditions). We consider the water
resistance to the ship’s motion F proportional
(in relative units) to the square of the speed,
and the power of the propulsion system N — to
the cube of the speed. Let S be the distance and v
the speed. Then

2 3

as as
F: 2= _ ,N= 3= _— B
nv 71[dt] V2V 72(dtj

We also assume that the intensity g of fuel
consumption by the power plant (measured in
kg/h) is proportional to the cube of the speed:

3
ds
g=y° =7(Ej . In general, the values 7, 71, 7>
are functions and depend on the current
coordinates, vessel load, etc. Let us assume that
they are functions of S:

3
3 dS)
=yv =y(S)| — 1
q=7v" =y( )( " (M

Let’s express the total fuel consumption G for
arace of length S in time T:

T T 3
G =[qdr=| }/(S)(%j dr. )
0 0

Let’s formulate the control problem. Find
the law of change of the vessel’s speed v, which
ensures the minimum fuel consumption during
the passage of a race of length S, in time 7 in
comparison with all other modes of movement
along the same trajectory. In other words, it is
necessary to find S(¢) or v(7) at S(0) = 0; S(T) = S,
which ensures the minimum of the integral (2).
According to [2], the function g(x) must satisfy
the Euler’s equation. In this case, the Euler’s
equation has the form:

F-yF,=cor yF,-F=c, 3)

3 2
ds das

where F=g=y(S)| — | , F,. =3y(S)| —| . (4

q=7( )(dt) v =37( )[dtj (4)

Then q-3q=c; g=c,=const. It follows that

the fuel consumption should be constant. From

equations (3), (4), we express the speed:

27v3=c;v:3 ¢ .
\ 27(S)
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Thus, the speed of the vessel is determined Vessel’s time of movement to point B

by the law of distribution of the coefficient y(S) X0 i

along the route. The function y(S) depends mainly T= I _ 6)

on the draft, i.e., the load. To determine the cor- 0 VoCOSHV,r

rect sailing speed, you need to know the pre-
dicted load ahead on the route. The function y(S)
and the corresponding optimal control can then
be developed.

The law of fuel consumption can be
determined by the variational method in
the case of generalisation of condition (1):

q=q(S,%j=q(S,v). Then the integral (2) takes

T
the form G:jq(S,fi—f)dt:min. The Euler’s
0

Oq _d 09 _ 0 becomes the equation

equation
oS dt ov

o

v-a—q—q =c, where c¢ is determined from the con-
v

dition S(T)=S,.

Importantly, these results can be applied to
any vehicle.

Problem 2. Consider the problem of choosing
the trajectory and the mode of operation
of the power plant, which together ensure
the arrival of the vessel at the destination
at a given time with minimal fuel consumption.

The motion takes place in the xy-plane. Let
the point of departure coincide with the origin
and the point of arrival be at B(x,, y,). The velocity
of the flow ;(x, y) at each point of the trajectory
and its projections on the coordinate axes
v (x, ) v,(x, ») are known. The speed v
of the vessel is the geometric sum of the flow

speed v, and the vessel’s speed Y0 relative to
the water: v=v,+vr;

Ve =Vor TV, (5)

Let the velocity of the ship relative to
the water form an angle o with the axis Ox. Then
Voy =V €08Q . Vo, =Vosina

dx

Consider that  =—; ' :Q. Then from

y
equation (5) we obtain: dt dt

dx V), COSA +V_r; by Vysina + v,
-7 =N T .=V T
dt T dt v

dx g dy
vocosa+vy

- =dt.
Vosina +vr

The condition for his arrival at this point is:

¥ =y, . We assume that
dy Vvysina+v, Vosina +v p

2 T dy= I dx.
Vpcosa + v,y

b
dx vycosa+v,p

Then we get:

X .
f vosina+v,,

(7

of determining

o VoCOS+V,r

Let’s set the problem
the optimal trajectory o(x) that ensures
the minimum of the integral (6) under
the condition (7). This is a conditional extremum
problem. The Lagrange functions

P 1 s Vosina +v,p

VpCOSa +V,p VyCoSa + Vv,

The Euler-Lagrange equation
oF

0 (vycosar+ v,y )2

Vo sina

Vo Cos (V) cosar+ v,y )+ v, sinoz(v0 sina + vyT)
+ 4 3 ;
(vocosar+v,y)

. 2 .
OF Vosina +Agv,” +v, (vxT COSa +Vyr sma)ﬂo
—= ;
oa

2
(vocosa +v,r)
oF .
oa'
This equation is algebraic:

Yo
sina

1
Vo ClgA+ V== 3

From this equation, we should find o(x) pro-
vided that 0 < a(x) S% .

If vy=v;=0, then from equation (8) we

obtain: L __1 _vy_T‘

sina _ZOVO Vo

From this equation, it follows that the straight-
line path will no longer be optimal. The value A
is determined from condition (7).

Now let’s set the task of minimising fuel
consumption, given the time of movement 7 to
a given point B(x,, y,). To calculate the fuel con-
sumption, we use formula (1). Let 7 =const =1,
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Then ¢ =v,’ . Total expenses
T T
G= J.th :J vodt . 9)
0 0

Thus, the problem is to find the functions a(x),
v,(x) so that the integral (9) becomes the smallest
value under the conditions (6), (7). This is
a conditional extremum problem with integral
relations (6), (7). The integral (9) can be written
in the form

T X0 3
G=[vidt=[—2  4x.
2.)‘ 0 -!vocosa+vxT (10)
Let’s construct the Lagrange function:
3 .
v 1 VoSina+v,;
Fee—=— 1} +4, = (1)
VpCOSA+V.y  VyCos+V,p VpCOSUL +V,p
The Euler-Lagrange equations for func-
tions ay(x) and v (x) will also be algebraic:
da(x) 3 ) 1 Vo
8 3y etgar + 3 +0
ot Yo <18 YO T e sina
= Aetga + v = Ay, retgor =0; (12)
M=113+)L1+/12\/ 1 + Ay retga v, =0. (13)
ot 0 sinar T i

From the resulting system of equations, we
can find a(x) and v (x). To equations (12), (13),
we should add conditions (6), (7), from which
we can find A, A,. Note that this system can be
solved only by numerical methods.

Problem 3. The vessel leaves point O
at a constant speed and sails in the direction
of the Opy-axis (Fig. 1). At the same time,
a marine drone starts from point A4, located

YA

[0 A "X

Fig. 1. The trajectory of a marine drone
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at a distance a from the vessel, to catch up with
it. The speed of the drone is twice the speed
of the vessel. Find the equation of the drone’s
trajectory (chase curve) and the minimum time it
takes to hit the target.

Let the drone be at point C(x, y) and the ship
at point F' at time ¢ The problem is to find
the equation of the trajectory, which the drone
should follow so that the tangent line crosses
the Oy-axis at F.

By this time, the vessel has already travelled
the path OF = vt, [ is the length of the arc AC
of the drone’s trajectory. Let us find the angle
of inclination of its tangent CF to the positive
direction of the axis Ox:

FD vt-y

dy y—vt
Zotgag=—tgp=——"=— _ '
dx & &9 CD X X

l
dy ¥V
On the other hand, /=2vt. So =L=— <V
X X

b ! Let’s differentiate both parts

or X—— = ——.
dx Y 2

. dy d*y dy
of the equation —+ 66—~ ——=———,
q dx © dx*  dx
Let’s use the formula to calculate the arc

length differential:
2
dl =— 1+(ﬂ) dx -
dx

The minus in this formula is due to the fact
that the movement along the curve is in the direc-
tion of decreasing x. We get a second-order differ-

2 2
ential equation: xd—;}:l 1+(d—yj .
dx

2 dx
Let’s reduce its order by replacing
. dy d*y dp
the unknown function: ——=p(x), —-=—"-.
dx p( ) dx*  dx
. dp _1 2
The equation takes on the form: XE =5 1+ p~.

Separate the variables and integrate. We have:
p+l+p° :%ln|x|+C or ptyl+p’ =CVx

(C — arbitrary constant).
Note that at the

d
x=a, y(a)zO, p(a):d—z

In

initial time (tr = 0):

=0. Let’s substitute

xX=a

the initial conditions and get it:

0+ 1102 =CVa = C=—1 |
Ja
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ing into account their directions, we obtain a sec-
X
pHyl+ pl= \/g : (14)  ond-order differential equation:
s . 2 2
Let’s transform the equation (14). m?+ (%) 7, (1 _i%j 0
t v
2 2 s
(p +‘/1 tp )(p _\/H P ) DN \f or first-order equation:
1+ p? « " piepr Ve dv v
‘ m—+av’ -Ty| 1-—|=0. (16)
Therefore: dt vy

p—\ll+p2:—\/E . (15)
x

Adding equations (14) and (15), we obtain:

e 24
a X dc 2\ \Va X

Let’s solve this equation:

SR OIS

C — arbitrary constant. From the initial condition

ax+C,

y(a)=0, we obtain: C =Ea. Thus, the equation

of the drone’s trajectory is as follows:

_ X\/; - 3a\/; + 2a\/5
- 3Wa ‘

The drone will catch up with the vessel
at the moment when x = 0. By substituting zero

for x, we obtain y=§a.. This is the distance

the ship will travel before meeting the drone. So,

. . . 2
the time you are looking for is ¢ = pA 3_a'
v 3v

Problem 4. A wvessel with displacement
P = 1500¢, overcomes the water resistance
force R = avw?, a = 0,12, m — mass of the ves-
sel, v — its speed. Screw traction force is equal to

T:TO(I—l](TO =120 1), v, = const = 33 m/s.
VS

Find the dependences of:

1) vessel’s speed on time, if the initial speed is
equal to v ;

2) the distance travelled on the speed;

3) distance on time at the initial speed
v,= 10 m/s.

Let x be the distance travelled, then v=§ is

d’x o

the speed and a= 7; is the acceleration. By

projecting all the acting forces horizontally, tak-

Separate the variables and integrate both parts
of the equation

2

vT T, =,

avs a

av+&— T, a+L°2
2v 4v

m s

In
2T a+—%5 Ty i+ 1, oz+L°2
4y? 2v, 4v;

C is arbitrary constant. Enter the designation:

=t+C,

av+

T, [a +L°2J = 3. Let’s use the initial conditions
4

N

V=, if t = 0. We obtain:

T;
av, +°—,B‘
2v,

C= In
av0+i+/3’
2v

s

The solution of the Cauchy problem is

LT
(av+2 v, +ﬁj[av0 2, ﬂj‘

m
t ﬁh’l T
av+—-2 - p av0+—°+,3 '
2v 2v,
According to the task  conditions
=42, 2T° =18, M =0,055.

s

Then the requlred solution can be written in
the form: M
(v - 20)(v0 + 50)

v from this equation
70w +20(v, +50)(*** ~1)

70+ (v +50) (" 1)

=" Let us express

(17)

To find the dependence of the distance
travelled on the speed, we need to write equation
(16) in the form
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mdv
av? + Tov T,

Vs

=—dt

Then we should multiply both parts
of the equation by v. The equation takes the form

mvdy
av® + Tov T,

Vs

=—dx

d .
(because vdt = d—);dt =dx). The general solution

of the equation is
(\/ yj -
5
T;

=15 m/s, 5:5[1+—°
a 4

my_ ey 3]
204\/_ |v+j/ \/_|

—x+C="Z1n
200

+

where y = To

2av,

2
avg

J:lzzs m/s.

Let’s set the initial conditions x|_,=0,
V|,:0 ="p-We obtain:

czﬂln(%”) gty
2a Js 206 |v0+y f|
or
2
C=637,51n(v0+15) 1+ 273,910 >0

Thus, the dependence of the distance travelled on
the speed is defined by the equality

(v +15)° 1225
(v+15)* ~1225

(vo +50)(v-20)

=637,51 — .
) ! (v, —20)(v+50)

+273,91n

u]

Now let’s find the dependence of the distance
travelled on time at the initial speed v, = 10 m/s.
Equation (17) can be written in the form

709 +20(vy +50)( " -1}
70-+ (v +50) ™ -1}

Let’s integrate it

1200”50
60”7 +10

1
6000551 +1Jdt;

x+C= 20t—70j

x+c=j(20—70~

6 0,055¢ +1

In this case, we need to replace the variable

. 0,055¢
using the formula u =e™>

. So, we have:
70 80’055[

0,055

x+C=20t-

T
o055t 1

6

=0, we find
Thus, the path dependence on

From the initial condition x| _,
C=- 70 In E
0,055 7

time is as follows

70 - 6% 41
x=20t+ 0551n PR

2

Conclusions. The results obtained can be
used to select the most efficient method of ship
control. The development of ship navigation
technologies, in particular remote-control
systems, requires high-quality —mathematical
education from specialists. The problems
discussed in this article can be included as
applied problems in the course of higher
mathematics at a technical university.
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